The Cauchy problem with data of linite energy is solved for a general class of non-timelike surfaces. In the characteristic case this means that the restriction to the surface is given in the Sobolev space H(, ,. In a recent manuscript, Baez et al. [l] have studied the semilinear characteristic Cauchy problem (Goursat problem) in the Einstein universe with data on the light cone representing the infinite past or future. This is a characteristic surface with two singularities. The purpose of this note is to show that the linear Cauchy problem can be solved for quite general characteristic surfaces by classical techniques. We work in a Lorentz manifold where there is a time function with compact spacelike level surfaces. Without essential restriction of generality we may assume that it is a manifold of the form 8= R x X, where X is a compact Cou manifold of dimension n on which we have a Riemannian metric g, = C gjk( r; x) dx' dx k in local coordinates, with coefficients depending on , t ER. To avoid uninteresting complications we assume that gt/g, has a bound independent of s and t. Let dv be a fixed C" density on X, for example, the Riemannian density defined by g,; in local coordinates we write dv = y dx. The corresponding modified Laplace-Beltrami operator is denoted by A,, where (gJk) = (gj&'.
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We denote the correspondingly modified wave operator in 8 by 0, 0 = a2/at2 -A,, and we usually drop the subscript t here. 270
If cp: X+ R is in C', then the graph {(q(x), x), x E A'> is called spacelike if the conormal (1, -q'(x)) is timelike; that is, j,k= I X E X.
(
This implies that Iv'(x)1 6 C if 1.1 is defined with respect to a fixed Riemannian metric. Hence (q(x) -cp(y)l d Cd(x, y), x, y E X, if d is the corresponding distance function. Now if cp is any Lipschitz continuous function on X, then cp is differentiable almost everywhere. We say that the graph of cp is spacelike if (1) is valid almost everywhere, that it is uniformly spacelike if the essential supremum of the left-hand side of (1) is < 1, and that it is weakly spacelike if the essential supremum is Q 1. The graph is called characteristic if
for almost all xc X.
It is classical that the equation q u+L,u=f;
where L1 is a first order differential operator with C" coefficients, has a unique solution with Cauchy data of finite energy given on a smooth spacelike surface. (To simplify notation we assume that the coefficients of L,, U, and fare real, although this is not essential.) By approximation with smooth surfaces we shall show that this is in fact true for an arbitrary uniformly spacelike surface. We shall also give a modified result for weakly spacelike surfaces which in the characteristic case reduces to existence and uniqueness of a solution with values given on the surface. The following proposition shows that there is an abundance of weakly spacelike and characteristic surfaces. PROPOSITION 1. Let @ be any function on X which takes values in ( -co, + co] and is bounded from below, f f co. Then there is a unique Lipschitz continuous function cp in X such that cp < @, the graph of cp is weakly spacelike, and cp 2 II/ for all such functions +.
Proof: If C is a constant < @, then 1+9 = C is bounded by @ and has a spacelike graph. If tj, and 1+9* are bounded by @ and have weakly spacelike graphs, then this is also true for $ = max($,, ti2), for at a point where $, I++~, and tiZ are differentiable and $i = e2, it is clear that d$, = d$,. The functions cc/ with C< $ < @ and weakly spacelike graphs are uniformly bounded and uniformly Lipschitz continuous, so it follows that we can find an increasing sequence Gj of such functions converging at every point to the supremum cp of all such functions. In every open subset Y of X it follows that p has Lipschitz constant 1 with respect to every Riemannian metric which is strictly larger than g, when t = q(x), x E y, and this implies that (1) holds at all differentiable points with < replaced by < .
If we apply the proposition with @ finite at only one point, we obtain a light cone of the kind discussed in [ 11. More generally, if @ = + co in the complement of a closed nullset then (2) must hold at every differentiable point there, so we obtain a characteristic surface.
Let us now recall how energy estimates are proved for the equation (3). Assume that u is a smooth solution. Then and if we introduce the energy
it follows that for t in a bounded interval we have for a smooth solution u of (31, kwtY4 G C(E(t) + J-w llf(tl .)I1 ),
where (1. I/ denotes the L2 norm. The energy inequality (5) can be written IdJm4 <$(JE(t)+ Ilf(t, .II),
and it gives
It is well known that this estimate combined with a local existence theorem proves the existence of a global solution with given Cauchy data of finite energy prescribed at a fixed time when Ilf( t, .)I\ is in L,!,,. We do not repeat the familiar arguments but pass to a discussion of the data and the energy on other surfaces.
For the sake of brevity we consider solutions of the homogeneous equation clu+L,u=O (3') from now on. Let &0 be the Hilbert space of all (zQ,, u,)EH~,,(X)@L'(X), where H(,, is the Sobolev space of functions having square integrable first derivatives. For a smooth solution u of (3') we know from the energy estimates that if N(t) = il(u(t, .), a,~(& .))I/80, then N(t)/N(s) has a bound independent of u when s and t belong to a bounded interval. Taking the closure we obtain a Hilbert space B of solutions of (3') which can be regarded as continuous maps t -+ ~9~ such that the map & 3 u +-P u(t, .) E C$ is bijective for every t. We call d the finite energy solution space. Let~=Ucp( 1, 1 x x , x E X} be a weakly spacelike surface. To examine the finite energy solutions on 2 we choose T6 min cp and integrate (4) for T< t < cp when u is a smooth solution. The left-hand side becomes -2 JL<,<, a,uL,u dt dv(x), . . which can be estimated by Ilull 5. On the right-hand side we obtain, in addition to the negative of the energy at time T and a volume integral bounded by II z.11 i, the surface integral The first term is always non-negative for a weakly spacelike surface. Since (g'") is positive definite and aj(u(cp(x), xl) = (aje4U + aju)lz, the second sum gives a uniform bound for the L* norms of the derivatives of the restriction of u to Z. We also have a bound for the L* norm of u itself on Z, for ~~~2dYt=~u(T,~)2dv+2j~I<,<~~~r)~~r~dv~ClIUIl:.
. .
LARSHijRMANDER
The Sobolev space H,,, is invariant under Lipschitz maps when s= 0 or s = 1 (hence also when 0 <s < I), so H(,,(Z) is well defined up to equivalence of norms. We have seen that for smooth solutions; here C depends only on an upper bound for ItI on C. It follows that we have a well-defined continuous map 83UH (u, a,u)EH(l)(C)OL*(z, dv;).
Note that L*(Z, dv0,) is of dimension 0 when 2 is characteristic, so nothing is stated about a,u then; it is only in the set where (1) is valid that (8) defines 8,~ almost everywhere. Our aim is now to tie together the noncharacteristic and the characteristic Cauchy problem as special cases of the following:
THEOREM 2. The map (8) is a bijection for every weakly spacelike surface Z.
Proof. We lirst prove that an estimate opposite to (7) is valid, which means that (8) is an isomorphism on a closed subspace of H,,,(C)@L*(C, dvt), and then we prove surjectivity. The first step is straightforward. Let u be a smooth solution of (3'), and write E,(t)=j (a,u)* + ~g'kajuaku + u* h(x). VP(X)< f If we integrate (4) over ((s, x); q(x) < s< t} we conclude that if M= IM,II:,)+J lG42~vo,~ E,(t)<Cj'E,(s)ds+M, T where TX min cp, so that EJ T) = 0. By Gronwall's lemma it follows that E,(t) < eC"-"M. When t > max cp we have the desired estimate for Ilull:.
For a smooth spacelike surface 2 the surjectivity of the map (8) is an immediate consequence of the classical fact that the Cauchy problem can then be solved globally for smooth data. We shall extend this to arbitrary uniformly spacelike surfaces by approximation with smooth ones, and we shall then pass to arbitrary weakly spacelike surfaces by approximating the equation (3') with equations for which they are uniformly spacelike. Choose A < 1 larger than the essential supremum of the left-hand side of (1). For every x0 E X we can choose a local coordinate neighborhood V such that there is a constant matrix (Gjk) larger than gjk(cp(x), x) when x E V for which C Gjkaj&cp < 1, almost everywhere in V. If we regularize cp by a convolution, then this bound will remain valid in a slightly smaller neighborhood, and the regularizations + cp uniformly. The first order derivatives converge to those of cp at their Lebesgue points, hence almost everywhere. If we piece together such approximations by means of a partition of unity, the lemma follows.
We also need Green's formula: Proof: Both sides of (9) are continuous functions of UE&' since aku+ak(patu=aku ((P,-) on c, so it suffices to prove (9) when UECZ. Recalling that (0 + L1) u=O, we subtract x( q u+ L,u) in the integrand on the left. Writing Hence d,u = w almost everywhere on C with respect to dv$, and we have proved the surjectivity in the uniformly spacelike case. Now we just assume that C= {(q(x), x), XE X} is weakly spacelike. If ;1< 1 then C is uniformly spacelike with respect to the modified equation o,u+L,u=o;
Oi=a~-E"Ll,.
(3") Given u, w E C "(A') we have proved that there is a unique solution of this equation with u = u and 8,~ = w on Z, and its energy is uniformly bounded as A + 1. (Note that the definition of energy is independent of A up to equivalence.) Hence we can find a sequence 1, increasing to 1 and finite energy solutions uP of (3") with A= IeP such that U, = u and 8,~~ = w on Z, the energy of u,, is uniformly bounded, and uP --t u locally uniformly as a function of t with values in L2. Then u is in the finite energy solution space of (3'). Since uP + u in Hail when s < 1, it follows that the restriction of uP to C converges to the restriction of u to C, hence u = v on C. The identity (9) is valid for uy, with 0 replaced by q iP; gjk replaced by i, gik; and u = v, 8,~ = w on the right-hand side. When p -+ cc we obtain (10). Since (9) is valid for U, subtraction yields (ll), and we conclude that 8,~ = w almost everywhere with respect to dvi on C. The proof is complete.
For the sake of simplicity we have assumed that gJk and the coefficients of L, are smooth. However, all bounds are valid when gjk are Lipschitz continuous and the coefficients of L, are in L", so this is the proper generality of Theorem 2.
